It is proved that any infinite Abelian group of infinite exponent admits a non-discrete reflexive group topology.
Introduction
For an Abelian topological group G, the group G 5 of continuous homomorphisms (characters) into the torus T ¼ fz A C : jzj ¼ 1g endowed with the compact-open topology is called the character group of G, and G is named Pontryagin reflexive or reflexive if the canonical homomorphism a G : G ! G 5 5 ; g 7 ! ðw 7 ! ðw; gÞÞ is a topological isomorphism.
Here we consider the following question.
Problem 1. Does every infinite Abelian group admit a non-discrete reflexive group topology?
Let G be an infinite Abelian group and H be an infinite subgroup. If H admits a non-trivial reflexive group topology t, then we can extend t to G in such a way that H will be an open subgroup. Then, by [1] , G will also be reflexive. So we can restrict ourselves to the case of countable groups. If G is countable, then, by the Pontryagin duality theorem, it does not admit a non-discrete locally compact group topology. Therefore we have to look for a group topology which is not locally compact. If G has infinite exponent, such a topology exists and it is generated by a T-sequence.
Following Zelenyuk and Protasov [5] , we say that a sequence u ¼ fu n g in a group G is a T-sequence if there is a Hausdor¤ group topology on G for which u n converges to zero. The group G equipped with the finest group topology with this property is denoted by ðG; uÞ. Using the method of T-sequences, Zelenyuk and Protasov proved that every infinite Abelian group admits a complete group topology for which characters do not separate points. Using this method, we answer Problem 1 positively for The author was partially supported by the Israel Ministry of Immigrant Absorption. groups of infinite exponent; we recall that the exponent of a group is the least common multiple of the orders of its elements. We prove the following theorem. Let X be a compact metrizable group and u ¼ fu n g a sequence of elements of X 5 . We denote by s u ðX Þ the set of all x A X such that ðu n ; xÞ ! 1. Let G be a subgroup of X . If G ¼ s u ðX Þ we say that u characterizes G and that G is characterized (by u). By [3, Theorem 1], if G is characterized, then it is polishable by the metric rðx; yÞ ¼ dðx; yÞ þ supfjðu n ; xÞ À ðu n ; yÞj; n A Ng; ð1:1Þ
where d is the initial metric on X . The group G with the metric r is denoted by G u . For a group G, we write G D for G with the discrete topology and exp G for the exponent of G. The subgroup of G generated by an element g is denoted by hgi.
For a real number x we write ½x for the integral part of x and kxk for the distance from x to the nearest integer. We also use the inequality pjjj c j1 À e 2pij j c 2pjjj; for j A À 1 2 ; 1 2 Â Á : ð1:2Þ
The group Zð p y Þ is regarded as the collection of fractions m=p n A ½0; 1Þ. If z A C, then ArgðzÞ is taken to have values in ½0; 2pÞ.
Proof of Theorem 1
It is well known that any Abelian group G of infinite exponent contains at least one of the following groups:
(1) Z;
(2) Zðp y Þ for some prime number p;
Thus, by the argument above, it is enough to prove Theorem 1 just for these three cases.
The group Z.
A non-trivial reflexive group topology on Z is constructed in [2, Theorem 2].
2.2
The group Z( p T ). Set u ¼ fu k g; u k ¼ 1 p n k þ1 ; where n 1 < n 2 < Á Á Á and n kþ1 À n k ! y:
:
ð2:1Þ
where n is the minimal index such that a 1 n 0 a 2 n . For any o ¼ ða n Þ A D p and k > 1, we put
Then n kÀ1 c m k c n k and the equality m k ¼ n k is possible only if p 0 2. [3, Theorem 3] , u is a T-sequence and ðZð p y Þ; uÞ 5 ¼ G u , where the Polish group G u is s u ðD p Þ with the Polish group metric r; see (1.1).
We need the following three lemmas.
Proof. We can rewrite (2.1) as follows:
l¼0 a l p n k þ1Àl þ a n k p : ð2:4Þ
Assume that o A s u ðD p Þ and n k À m k 6 ! y. Let case (a) be fulfilled for k 1 < k 2 < Á Á Á and n k t À m k t ¼ r > 0. Then, by (2.2), we have
Argðu k t ; oÞ < 1 p r ;
and hence ðu k t ; oÞ 6 ! 1. This is a contradiction.
Then, by (2.3), we have ðmod 1Þ
Let case (c) be fulfilled for k 1 < k 2 < Á Á Á and n k t ¼ m k t . Then p > 2 and 0 < a n k t < p À 1. Thus, by (2.4), we have ðmod 1Þ
and hence ðu k t ; oÞ 6 ! 1. This too is a contradiction. The converse assertion evidently follows from (2.2) and (2.3). r Lemma 3. The subgroup ho 0 i is dense in G u , and hence G u is monothetic.
Proof. Let e > 0 and o ¼ ða n Þ A G u . Choose r such that 1=p r < e=10. By Lemma 2, we can choose k 0 such that 1=2 n k 0 À1 < e=10 and n k À m k > r þ 1 for every k d k 0 . Choose q such that o À qo 0 ¼ ð0; . . . ; 0 m k 0 ; a m k 0 þ1 ; . . .Þ:
Proof. Since ho 0 i is dense in G u , any continuous character w of G u is defined by its value on o 0 . Let ðw; o 0 Þ ¼ expf2piag for some a A ½0; 1Þ. It is enough to prove that a A Zð p y Þ. Let
Let 0 < e < 1=p 2 . Since w is continuous, there exists some d > 0 such that j1 À ðw; oÞj < e; for all o A U d : ð2:5Þ
Choose r 0 and k 0 such that 1=p r 0 < d=10 and 1=2 n k 0 < d=10. Let o ¼ ða n Þ A s u ðD p Þ have the following form:
( * ) there exist k 1 < Á Á Á < k s ; where k 0 < k 1 and s A N; such that a n A ½0; p À 1 if n A ½n k i þ 1; n k i þ1 À r 0 À 1 for i ¼ 0; . . . ; s À 1; and a n ¼ 0 otherwise.
Then, by (1.1), (1.2), (2.1) and (2.2), we have
Step 1. Let p > 2. Set
RðkÞ ¼ fi : n kÀ1 þ 1 < i c n k þ 1 and 0 < b i < p À 1g:
If RðkÞ 0 q we set r k ¼ minfi : i A RðkÞg.
We claim that there exists C 1 > 0 such that for every k > k 0 either RðkÞ ¼ q or 0 c n k þ 1 À i < C 1 for all i A RðkÞ. Hence there exists k 0 0 > k 0 such that for any k > k 0 0 if n kÀ1 þ 1 < i c n k þ 1 À C 1 , then either b i ¼ p À 1 or b i ¼ 0. Assume that there exists a subsequence r k q such that n k q À r k q ! y. We can assume that n k q À r k q > r 0 . Since p r kq À1 o 0 ¼ ð0; . . . ; 0 n kq À1 ; . . . ; 0; 1 r kq ; 0; . . .Þ satisfies condition ( * ), it is contained in U d . On the other hand,
So, by (1.2), we have j1 À ðw; p r kq À1 o 0 Þj d p=p > e, which contradicts (2.5). Now we can choose k 0 0 > k 0 such that n kÀ1 < n k À C 1 for all k > k 0 0 .
Step 2. Set TðkÞ ¼ fi : n kÀ1 þ 1 < i < n k þ 1 such that b i ¼ p À 1 and b iþ1 ¼ 0g:
If TðkÞ 0 q we set t k ¼ minfi : i A TðkÞg. We claim that there exist C 2 > C 1 > 0 such that for every k > k 0 0 either TðkÞ ¼ q or 0 c n k À i < C 2 for all i A TðkÞ. Hence there exist k 00 0 > k 0 0 such that for every k > k 00
Assume that there exists a subsequence t k q such that n k q À t k q ! y. We can assume that k 1 > k 0 and n k q À t k q > r 0 . Since p t kq À1 o 0 ¼ ð0; . . . ; 0 n kq À1 ; . . . ; 0; 1 t kq ; 0; . . .Þ satisfies condition ( * ), it is contained in U d . On the other hand,
So, by (1.2), we have j1 À ðw; p t kq À1 o 0 Þj d p=p 2 > e, contradicting (2.5). Choose k 00 0 > k 0 0 such that n kÀ1 < n k À C 2 for all k > k 00 0 .
Step 3. We claim that there exist C 3 > C 2 and k 000 0 > k 00 0 such that for every k > k 000
SðkÞ 0 q and s k ¼ n k À C 2 otherwise. By Step 2, it is enough to prove that the sequence ðn k À s k Þ where k is chosen such that s k > n kÀ1 þ 2 is bounded, since then we can take C 3 to be the maximum of this sequence and choose k 000 0 > k 00 0 such that n kÀ1 þ 2 < n k À C 3 for all k > k 000 0 . Assume that there exists a subsequence s k q such that s k q > n k q À1 þ 2 and n k q À s k q ! y. Then b i ¼ 0 for n k q À1 þ 1 < i < s k q and p s kq À2 o 0 ¼ ð0; . . . ; 0 n kÀ1 ; . . . ; 0; 1 s kq À1 ; 0; . . .Þ A U d for all su‰ciently large q. On the other hand,
and p À 1
So, by (1.2), j1 À ðw; p s kq À2 o 0 Þj d ðpðp À 1ÞÞ=p 2 > e, contradicting (2.5).
Step
and we can consider the character Àw instead of w.
Write lðkÞ ¼ minfi : n k À C 3 < i and b i > 0g, for k > k 000 0 . Assume that a B Zðp y Þ. Then, by Step 3, there exist a d 0 and a subsequence k q such that n k q þ 2 À lðk q Þ ¼ a. Choosek k > k 000 0 such that n k À n kÀ1 > r 0 þ a þ 3 for every k >k k. Set hðqÞ ¼ n k q À ðr 0 þ a þ 3Þ. Then lðk q Þ À hðqÞ ¼ r 0 þ 5 and p hðqÞÀ1 o 0 ¼ ð0; . . . ; 0 n kq À1 ; . . . ; 0; 1 hðqÞ ; 0; . . .Þ satisfies condition ( * ). Put wð jÞ ¼ ðhð1Þ À 1Þ þ ðhð2Þ À 1Þ þ Á Á Á þ ðhð jÞ À 1Þ. Then p wð jÞ o 0 also satisfies condition ( * ) for every j and hence it is contained in U d . Since
It is clear that there exists j such that j1 À ðw; p wð jÞ o 0 Þj > e, contradicting (2.5). Thus a A Zðp y Þ. r Proof of Theorem 1 for the group Zð p y Þ. By Lemma 4 we have G 5 u ¼ Zð p y Þ algebraically. By [3, Proposition 1], the group G u is reflexive. So Zðp y Þ with the topology of G 5 u is also reflexive. r 2.3 The group 0 n Z(b n ). Assume that G ¼ 0 n Zðb n Þ, where b 1 c b 2 c Á Á Á and b n ! y. The metric d on ðG D Þ 5 ¼ Q n Zðb n Þ is defined as follows: if o 1 0 o 2 A ðG D Þ 5 , then dðo 1 ; o 2 Þ ¼ 2 Àn , where n is the minimal index such that a 1 n 0 a 2 n . Set u ¼ fu n g, where u n ¼ e n is a generator of Zðb n Þ. Then
Therefore o A s u ððG D Þ 5 Þ if and only if ka n =b n k ! 0. Evidently, G is dense in ðG D Þ 5 and G H s u ððG D Þ 5 Þ. By [3, Theorem 3] , u is a Tsequence and ðG; uÞ 5 ¼ G u , where the Polish group G u is s u ððG D Þ 5 Þ with the Polish group metric r; see (1.1).
Step 1. G is dense in G u .
Let o ¼ ða n Þ A G u and e > 0. Choose n 0 such that j1 À ðu n ; oÞj < e=10 for all n d n 0 . Choose m d n 0 such that dðo; o m Þ < e=10, where o m ¼ ða 1 ; . . . ; a m ; 0; . . .Þ. Then jðu n ; oÞ À ðu n ; o m Þj ¼ 1 for n < n 0 and rðo; o m Þ < e=10 þ e=10 < e. Thus G is dense in G u .
Step 2. G 5 u ¼ G algebraically. By Step 1, the conjugate homomorphism G 5 u ! ðG D Þ 5 is a monomorphism. So we can represent any w A G 5 u in the form w ¼ ðc n Þ A ðG D Þ 5 , with 0 c c n < b n . We need to prove only that c n ¼ 0 for all su‰ciently large n.
Let e > 0. Since w is continuous, there exists an integer M > 10 such that j1 À ðw; oÞj < e for all o A U 1=M . By the definition of the metric r on G u in (1.1), there exists k 0 such that if o A G u has the form o ¼ ð0; . . . ; 0 n k 0 À1 ; a n k 0 ; a n k 0 þ1 ; . . .Þ and j1 À expf2piða n =b n Þgj < 1 M for all n d n k 0 ; then o A U 1=M ; ð2:6Þ
and, in particular, j1 À ðw; oÞj < e. Now assume that there exists a sequence n 1 < n 2 < Á Á Á such that c n k > 0. We can assume that c n k =b n k converges to l A ½0; 1. There exist three possibilities.
Case 1. Suppose that l A ð0; 1Þ. Then we can assume that a < kc n k =b n k k c 1 2 for some a > 0 and all k. Let e < a. Choose k d k 0 such that b n k > 10M and set o ¼ ð0; . . . ; 0; 1 n k ; 0; . . .Þ:
Since, by (1.2), we have j1 À expf2pið1=b n k Þgj < 2p=b n k < 1=M, by (2.6) we have o A U 1=M . Thus j1 À ðw; oÞj < e. On the other hand, by (1.2), j1 À ðw; oÞj ¼ j1 À expf2piðc n k =b n k Þgj d pkc n k =b n k k > pa > e: This is a contradiction.
Case 2. Suppose that l ¼ 0. Let e < 0:01. Choose k d k 0 such that c n l b n l < 1 20pM 3 ; for every l d k:
ð2:7Þ Set a n l ¼ b n l 20pMc n l ! and e l ¼ b n l 20pMc n l À a n l < 1:
Then, by (2.7), we have a n l > M > 0. Put o ¼ ð0; . . . ; 0; a n k ; 0; . . . ; 0; a n kþ1 ; 0; . . . ; 0; a n kþMÀ1 ; 0; . . .Þ:
It is clear by (2.6) that o A U 1=M and hence j1 À ðw; oÞj < e. On the other hand, since X kþMÀ1 l¼k a n l Á c n l b n l < X kþMÀ1 l¼k b n l 20pMc n l Á c n l b n l ¼ M Á 1 20pM ¼ 1 20p
;
and X kþMÀ1 l¼k a n l Á c n l b n l ¼ X kþMÀ1 l¼k b n l 20pMc n l À e l Á c n l b n l
À X kþMÀ1 l¼k e l Á c n l b n l ðby ð2:7ÞÞ
then, by (1.2), j1 À ðw; oÞj ¼ 1 À exp ( 2pi X kþMÀ1 l¼k a n l Á c n l b n l ) > 0:04 > e:
This is a contradiction.
Case 3. Suppose that l ¼ 1. Let e < 0:01. Choose k d k 0 such that b n l À c n l b n l < 1 20pM 3 ; for every l d k:
ð2:8Þ Set a n l ¼ b n l 20pMðb n l À c n l Þ ! and e l ¼ b n l 20pMðb n l À c n l Þ À a n l < 1:
Then, by (2.8), we have a n l > M > 0. Put o ¼ ð0; . . . ; 0; a n k ; 0; . . . ; 0; a n kþ1 ; 0; . . . ; 0; a n kþMÀ1 ; 0; . . .Þ:
It is clear, by (2.6), that o A U 1=M and hence j1 À ðw; oÞj < e. On the other hand, since X kþMÀ1 l¼k a n l Á c n l b n l ðmod 1Þ ¼ À X kþMÀ1 l¼k a n l Á b n l À c n l b n l ;
we can repeat the computations in Case 2, and obtain that e < 0:04 < j1 À ðw; oÞj. This is a contradiction. So ðG; uÞ 5 5 ¼ G 5 u ¼ G algebraically.
Proof of Theorem 1 for the group G ¼ 0 n Zðb n Þ. By Step 2 we have G 5 u ¼ G algebraically. By [3, Proposition 1], G u is reflexive. So G with the topology of G 5 u is also reflexive. r
